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We study the Josephson-like spin currents between two ferromagnetic metals by deriving the 
effective action of the junction. A DC spin Josephson current with the full 0(3) symmetry is 
obtained. We also show that a time-independent uniform magnetic field can serve as the source 
of the AC spin Josephson effect. That is, the spin current in a uniform magnetic field becomes a 
periodic function of the time with the period proportional to the inverse of the magnitude of the 
external magnetic field. 
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I. INTRODUCTION 

One of the striking phenomena about the superconduc- 
tors is the Josephson effect in the superconducting (SC) 
tunnel junctions. The Josephson effect arises from the 
fact that the phases of the SC order parameters of the 
two superconductors tend to become uniform when they 
are coupled to each other. A natural question associated 
with the Josephson effects is what happens when two sys- 
tems with another type of long range orders are weakly 
coupled? We shall partly address this question by con- 
sidering the tunnel junction between two ferromagnets. 
This is the simplest extension of the SC tunnel junctions 
because the underlying symmetry behind the ferromag- 
nets is 0(3), while the occurrence of the SC long range 
order is a realization of the spontaneous U(l) symmetry 
breaking. 

In recent years, the possibility of using the spin de- 
grees of freedom in the electronic devices, known as spin- 
tronics, receives considerable attention and is a rapidly 
developing research topic. In this field, the manipulation 
of the spin current is a subject of extensive investiga- 
tion. An interesting extreme case of a finite spin current 
without charge currents has been investigated by several 
groupsi2ii4 Also, the spin transport without dissipation 
in thin film ferromagnets was discussed recently^ In anal- 
ogy with the SC junctions, a Josephson-like spin current 
may occur in the ferromagnetic (FM) tunnel junctions. 
Therefore, the study of the FM junctions is intimately 
connected with the control of the spin transport. 

Indeed, a DC Josephson-like spin current occurring 
in the FM junctions was predicted recently^ However, 
in Ref. 0, only the effects of the U(l) phase, which 
corresponds to a subgroup of the full 0(3) symmetry, 
were explored. In the present paper, we will treat the 
bulk ferromagnets within the framework of the Stoncr 
ferromagnetismi and study this problem by taking the 
effective action approach, parallel to the one in the inves- 
tigation of the SC junctions^ This approach has several 
advantages. First, the 0(3) symmetry is manifestly re- 
spected, and thus the effects of other degrees of freedom 



in addition to the U(l) phase considered in Ref. 0can be 
revealed. Next, the roles of the quasiparticles and collec- 
tive modes, especially the dissipation due to the quasi- 
particlc tunneling, arc explicitly disentangled. Moreover, 
a renormalization group analysis about the relevancy of 
the tunneling action can be performed. Finally, with the 
help of the effective action, the calculations of the spin 
current and its correlation functions become straightfor- 
ward. Our main results are as follows: (i) We derive an 
effective action of the FM tunnel junction, (ii) The DC 
spin Josephson current and current noise are obtained. 
The latter exhibits the Johnson-Nyquist form at low tem- 
perature, (iii) We show that a time-independent uniform 
magnetic field can serve as the source of the AC spin 
Josephson effect. That is, the spin current in a uniform 
magnetic field becomes a periodic function of the time 
with the period proportional to the inverse of the mag- 
nitude of the external magnetic field. 

The rest of the paper is organized as follows: The 
derivation of the effective action of the tunnel junction 
is given at Sec. |H] We calculate the DC and AC spin 
Josephson currents as well as the current noise in Sec. 
IIIII Sec. IIVI is devoted to the perturbative renormaliza- 
tion group (RG) analysis of the effective action, where 
the possible role of the quasiparticlc tunneling played in 
the dissipation is examined. Finally, we discuss our re- 
sults and experimental implications in the last section. 



II. EFFECTIVE ACTION 



We start with the following action 



S = 



J^dr Jd d x (& + C r ) + U 



(1) 



where d is the spatial dimensions. Here Ci and C r de- 
scribe the ferromagnetic metals on the left and right of 
the junction. We adopt the Stoner model for the itin- 
erant ferromagnctismi The corresponding Lagrangian is 



2 



^iven by 



A = 4 



dr ~ o — 



A/fi; • er 2 



(2) 



We shall follow a procedure similar to Ref. |8| to derive 
the effective action of the FM tunnel junction. 

To proceed, we make the gauge transformation 



and a similar expression with I — > r. Here V'zMa is the 
electron operator with spin a on the left (right) side of 
the junction, fi;( r ) is a unit vector, and A;( r ) > is 
proportional to the magnitude of the bulk magnetization 
on the left (right) of the junction. In Eq. J2J, the term 
proportional to A^ is not written down explicitly because 
it is only related to the determination of A/ and is not 
important for the following discussions. We will treat 
A;( r ) as a given number which is determined, for example, 
by the mean-held theory, and consider the fluctuations of 
ilu r ) only. Lt is the tunneling Lagrangian which is of 
the form 



i>t(r) ( X )9l(r) ( x ) 



(4) 



where x t 
satisfies the relation 



(r, x) and gu r ) is an SU(2) matrix which 



9i(r)Ozg l{r) 



l{r) 



(5) 



Lt = 



d d xd d x' 



T(x, x')ipj (x)i/j r (x') + H.c. . (3) Then, £/( r ) and Lt become 



'Er 



i(r) 



l(r) 



Or 



2m 



I(r) 



4>l(r) + Pl{r)ap (s^^r 9l{r 



a/3 



iJl(r)a/3 ■ (S/V)^ 7 9l{r) 

d d xd d x' 



af3 2m, (r) 



Pl(r)a0 



a/3 



where 



T(x,x')${x)g}{x)g r {x')Mx')+K.c 

#(r)aH V )^'(0/» + ™i>\ {r) J>l(r)0 



(6) 
(7) 

By integrating out the fcrmion 



fields, the partition function is written as 

Z = fD[gj}D[ gi ]D[gt]D[g r ] exp {-A [g,g*] } , 



where 



A[g,gi] = -tr [ln^" 1 ) 



(8) 



Here we have introduced a four-component fcrmion space by adding the spinor spaces of the left and right ferromagnets. 
In particular, 



Q- 1 



-T 



-rt g-i 

f = T(x,x')gj(x)g r (x')6(T-T') 



and 



9 T + gj {r} d T gi(r) 



2m i(r ) 



V + .g; (r) V 5/(r 



5{x-x') 



(9) 
(10) 

(11) 



Note that we indicate matrices in the spinor space of one ferromagnct by carets, and matrices acting on the four- 
component fcrmion space by underlines. 

Now we expand the right-hand side of Eq. (jSJ in powers of the tunneling matrix elements, namely the off-diagonal 
parts of Eq. (0. Keeping the lowest nonvanishing terms, we obtain 



A = Al + A r + tr 



Ql f <3 r ft 



(12) 
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where Au r ) is the bulk action of the left (right) ferromagnet. For simplicity, we shall consider the point-like junction, 
i.e. T{x, x 1 ) = TS(x)S(x'). In terms of the paramctrization gi(x) = hi(x)goi and a similar expression with I — > r, where 
goi(r) satisfies the relation 3o;(r) <T zffo;( I .) = n i(r) • CT an< i n z(r) is a um t vector along the direction of the magnetization 
in the left (right) ferromagnet, we can expand Ai(r) in powers of hj^d^hi^y (Here <7;( r ) or f2;( r ) are decomposed 
into two parts: ffoz(r) or n i(r) > which gives the direction of the magnetization in the bulk, is fixed and the matrix field 
hu r \ describes the quantum (spin-wave) fluctuations.) Keeping the lowest nonvanishing term and integrating out the 
degrees of freedom away from the position of the junction, the resulting action is given by 



Ai = A? + Mi / dr m- tr \(Th)d T h 



(13) 



and the similar expression with I — > r. Here M;( r ) is the magnetization per volume of the left (right) ferromagnet. 
The effective action of the ferromagnetic junction is given by the last term in Eq. Q12|). the last term in Eq. 113fl . 
and a similar term with I — ► r. Before examining the third term in Eq. I|12(l . two points should be mentioned. First, 
to arrive at Eq. Ijl3|l . the interactions between the spin waves are neglected. Second, the bulk action of the FM 
tunnel junction starts with the first-order time derivative due to the Berry phase of quantum spins, whereas for the 
SC tunnel junction, the bulk action starts with the second-order time derivative. 
Working out the third term in Eq. (|12f> . we find that it is given by 



At = \T\ 



where 



d d Pl d d p 2 



o (2*)' W 



tr 



hl(ri)hl(Ti)Dl(n - T 2 ,Pl)h\{T2)h r {T2)D r (T2 - Tl,p 2 



(14) 



A(r,p) = d d x e- l P- x g m g l {T 1 x)gl l = G l {T,p) ( T -F l {T,p)ni- ( T , 



(15) 



with 



Gi(r,p) 



iu n - e ip + /i 



Fi{r,p) = ^E 1 



(iui„ - ei p + fj,y 
(iu) n - ei p + n)' 



A? 



A? 



(16) 



and a similar expression with I — > r. In the above, CTo is the 2x2 identity matrix and tu n = (2n + l)wT. With the 
help of Eq. I|15|) , one may find that At is composed of four terms, 



At = / d Tl dT 2 {l!(ri - r 2 )tr [M< (TijMfo)] +I 2 (ti - r 2 )tr [{n r ■ (r)M\Ti){ni ■ ct)M{t 2 )} 
Jo 

+Mn -r 2 )tr [M^n){ni ■ ct)M{t 2 )] +J 4 (ti - r 2 )tr [(n r • a) M\ Tl ) M{t 2 )] } , 
where A4(t) = /i|(r)/i r (r) and 



(17) 



Mr) 
Mr) 
Mr) 
Mr) 



2 f d d Pl d d p 2 

rl 'j^yj^r G ^Pi)G r (-T,p 2 ) 



I -^1 

-\M 
-\f\ 2 



d d Pl d d p 2 
(2n) d (2ir) d 



Fl{T, Pl )F r (~T, P2 ) 



d d pi d d p 2 . 

J^-y Fi(T, Pl )G r (-T,p 2 ) 



(27T) 

d d Pl d d P2 



(2n) d (2tt) 



j Gi(r,p 1 )F r (-T,p 2 ) 



For Ep 1 < |t| <T"\ we have where 
X.-it) Rj — rx. ( 

sin (ttTt) 



Hr) « -^^TT i = l,-,4, (18) ^ = 1^(0)^(0)1^, 
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a 2 = n ; (0K(0)|T| 2 , 
"3 = \ m(0)N r (0)\T | 2 , 

a 4 = \ Ni{Q)n r {Q)\T | 2 . 

In the above, N;( r )(0) = 7V i(r)T (0) + iV i(r)1 (0) and 
n l(r) (0) = [JV, (r)T (0) - JV l(r) i(0)]/2 where JV« r)ff (e) is the 
density of states for spin a electrons in the left (right) 
ferromagnet and e = denotes the Fermi surface. 

There are two points which should be emphasized. 
First, the quasiparticlc tunneling results in the non-local 
terms in At- Secondly, compared with the SC tunnel 
junctions, there are no terms like cos0, which corre- 
sponds to tr [A4 2 ] + H.c. in the present case. In the ex- 
pansion in powers of the tunneling matrix elements, such 
a term arises from the nonvanishing anomalous Green 
functions of electrons. However, in the FM case, the 
anomalous Green functions of electrons vanish. Conse- 
quently, the terms like tr [M n ] + H.c. with some positive 
integer n cannot appear at any order in the expansion 
of the tunneling matrix elements. This is a crucial dis- 
tinction between the SC and FM tunnel junctions. In 
conclusion, we have derived the effective action of a FM 
tunnel junction, which is given by 



A 



eff 



dT 



^Mini ■ tr ah\d r hi + (I -> r)| + 



(19) 



III. SPIN JOSEPHSON EFFECT 



Now we are able to study the spin currents and noises 
with the help of the effective action A e ff [Eq. (|19fl ]. The 
spin current operator is defined by 



that I — = ~ ^[f- due to the the conservation of the 
total spin.) After a straightforward algebra, one may find 
that 



d d x 1 d d x 2 



r-' 



T(x 1 ,X 2 )Y i i ) l{ X l) (T i ; r{x2) +H.C. 



(21) 

Therefore, the spin current and its correlation functions 
can be calculated in terms of the generating functional 



Z[rj] = Jd[u] cxp -S+ J^dr rj{T) ■ J(r) 



. (22) 



where the integration measure is defined by D[u] — 
D[ip}]D[%/ji]D[i;t}D[ij r }, the action S is given by Eq. Q, 
and t] is a real source field. Using Eq. I|22() . the spin 
current and its two-point correlation function are given 
by 



(4(ri)/ 6 (r 2 )) 



1 5Z[q] 



Z[0] S Va ( 
1 c 



rj=0 

z[v] 



Z[0] Srib(T2)5r)a(n) 



(23) 
(24) 



?7=0 



The calculation of the generating functional Z[rj\ is par- 
allel to the derivation of the effective action of the 
tunnel junction A e ff- The effect of the addition of 
the source term tj(t) ■ I(t) is to replace T(xi,x 2 ) by 
T{x\, X2) [l + |er • w(t)\ . This amounts to replacing 
M{t) in Eq. (32) by M{t) + |t/(t) • h\{T)ah r {T). 

a. DC Josephson effect We first compute the spin 
current. According to Eq. I|23() . it is given by 



/ = 



dSj_ 

dt 



-i[S h H] 



(20) 



where Si is the spin operator in the left ferromagnet 
which is defined by Si = Jd d x \ ^ I (x)aipi(x). (Note 



(I(r)) = 



1 



Z[0] 



D[u] e~ A '"I[h u h r - T ] , 



where D[u] = D[hj]D[hi]D[hl]D[h r ], and 



(25) 



I[hi,h r ;T] 



/ d T ' {l^T - T')tr\M ] {T')h\{T)(Th r {T) 

2 Jo ^ L 
+J 2 (t - r')tr (n r ■ (r)M\T')(ni ■ <r)h\{T)(rh r {T) 

+J 3 (r - r')tr [x^r')^ • a)h\{T)ah r { T ) 

+T 4 (r-r')tr (n r ■ a)M\T')h\{T)(rh r {T) -H.c.j 

I 



(26) 



Within the semiclassical approximation where hi(r) = 
(T = h r (r), the spin current becomes 

(J(r)) = 2(n r x m) / dr' I 2 (t - r') . (27) 
Jo 



Note that the contributions to the spin current arising 
from all terms except the second one in I[hi,h r ;r] [Eq. 
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PSJl] vanish. Using Eq. (JTHJl, the integral in Eq. lf?7|) 

can be evaluated and the result is 

(I) = TrZYoCot (TTTT a )I Q (ni x n r ) -> I Q (ni x n r ) , (28) 

where Iq — Ani(0)n r (0)\T\ 2 /tq is the critical current and 
T o ~ e^ 1 is an IR cut-off. Eq. which is valid only 

at low temperature, is the analogy of the DC Josephson 
effect in the SC tunnel junctions. Note that (J) = 
when the directions of the magnetizations in the left and 
right fcrromagnets are parallel or anti-parallel to each 
other. Moreover, the critical current is proportional to 
the difference between the densities of states of electrons 
with spin up and down at the Fermi surface. Therefore, 
the existence of the spin current we obtained requires 
that the metals on both sides of the junction must exhibit 
long range FM orders simultaneously. 

b. AC Josephson effect For the SC tunnel junctions, 
an applied DC bias will induce an AC Josephson current. 
The effect of the DC bias in that case is to make a time- 
dependent phase rotation or a U(l) gauge transformation 
on the SC order parameter. In the FM case, an analogous 
AC spin Josephson effect may be induced by making a 
spin SU(2) gauge transformation on the magnetization. 
One of the way to achieve this goal is to add uniform 
magnetic fields. Based on this observation, we consider 
the effects of uniform magnetic fields, which is described 
by the Zeeman term 



d d x B 



1 



• - lf\{x)cT1pl{x) 



xEl 



- [ d d x B r ■ \ ^ r (x)tri> r (x) > ( 29 ) 

JxEr ^ 

where -B;(r) is the external magnetic field exerted on the 
left (right) ferromagnet. (Here, for simplicity, the con- 
stant gfj,B is absorbed into -B;( r ) where g is the gyromag- 
netic ratio and [1b is the Bohr magneton. Furthermore, 
the orbital effects are neglected.) Eq. i|29|) can be elim- 
inated by performing the gauge transformation in the 
real-time formalism 



0; 



cxp \ - tB l[r) ■ a ^ (r) , 



tB 



l(r) 



(30) 



In the imaginary-time formulation, t and -B/( r ) in Eq. 
(|30|l are replaced by — vr and iBu r -\, respectively. Under 
the gauge transformation l|30[) . the tunneling matrix T 
[Eq. JTDJl] becomes 

f T{x,x')g\{x)ul{T)U r {T)g r {x')5(T - r') , (31) 

where Uiu.\(t) = exp|| TBu r ) •""}■ After integrating 
out the fermion fields, we perform the following gauge 



transformation: 

hl(r)(r) -> Ul (r) {T)hi {r) , 

h \r)( T ) - h\ (r) ( T )U l(r) {T) . (32) 
Then, the only effect of the external magnetic fields on 
the effective action of the tunnel junction is that the bulk 
action [Eq. ((13)) ] turns into 



A, = A 



M, 



,/3 


0-/4 ( 


/ dr ni ■ tr 


Jq 





Bi 



hi 



(33) 

and a similar expression with / — > r, and At [Eq. i|17fl ] 
remains intact. Eq. (|33|) pins the value of hi and gives 
hi(r) — Ui(t), and a similar expression with I — > r. In- 
serting this into Eq. H25JI . we find that the last two terms 
in I[hi, h r ; r] [Eq. H2tj|) ] vanish after taking the trace, 
whereas the first term gives a time- independent compo- 
nent to the spin current. By choosing Bi = B r = _B, the 
latter also vanishes. Hereafter, for simplicity, we shall 
focus on this situation. (We restrict ourselves to the case 
where the gyromagnctic ratio and the effective mass of 
electrons are identical for the left and right FM metals.) 
Under this condition, the spin current arises solely from 
the second term in I [hi, h r ; r] and the result is 

(J(r))/7 = cos (Bt) {(ni x n r ) - e[e ■ (rn x n r )}} 
— s'm (Bt) [e x (n; x n r )] 
+e [e • (m x n r )) , (34) 



where B = Be and B 



\B\ 



To understand the meaning of the various terms in 
Eq. (|34|l . we first note that the external magnetic fields 
will induce a spin current on account of the precession of 
the magnetization around the axis of the magnetic field, 
which takes the form J(t) oc sin (|-B|t) [n — (n ■ e)e] + 
cos(|J5|r) (e x n) where n and e are the unit vectors 
along the directions of the magnetization and the mag- 
netic field, respectively. Compared with Eq. (|34|l . one 
may recognize that the first two terms in Eq. (|34|) arise 
from the precession of n/ x n r around the axis of the 
external magnetic field, while the last term is the com- 
ponent of the DC spin Josephson current parallel to the 
direction of magnetic fields, which does not perform the 
precession. As a consequence, we will identify the spin 
current given by Eq. (|34|l as the AC spin Josephson cur- 
rent. To sum up, we have shown that a time-independent 
uniform magnetic field can induce the AC spin Josephson 
effect. 

c. Current noise Finally, we would like to compute 
the noise spectrum of the spin current, which can be ex- 
tracted from the the two-point correlation function of the 
spin current. According to Eq. (|2~4"|) . the latter is given 
by 
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(Ja(n)A(7a)> 



y"l?[u] e A " ss ^I a [hi,h r ;n]I b [ht, /i r ;r 2 ] - ^ K ab [h t , h r ; n, r 2 ] 



(35) 



where = Z^PI^MfyfP^r], and 



if ab [/iz,/i r ;ri,T 2 ] = Ii(ri - r 2 ) jtr ^(n)(T /ii(ri)/i; t (T 2 )(T6/i r (r 2 ) + (a «-► 6, n <-► r 2 )| 

+2 2 (<n - r 2 ) |tr (n r • o-)/4(n)o"aM T i)( n J • <r)/i ; t (r 2 )cr b /i r (T2)J + (a <-> 6, n <-> r 2 )| 
+I 3 (ri - r 2 ) |tr ^(ti)o- /ij(ti)(tij • cr)h\{T 2 )a b h r {T 2 ) + (a 6, n <->■ t 2 )| 
+I 4 (ti - t 2 ) | tr («r ' o-)^(n)o- a /i;(ri)ft,|'(T 2 )cr fc ft, r (T 2 ) + (a <-> 6, n <->• r 2 )| . 



In terms of the semiclassical approximation, the con- 
nected two-point correlation function of the spin current 
is given by 

D ab (T 1 -T 2 ) = -[(/ (Tl)7fe(T 2 )> - {I a ){h)] (36) 

= £ &2i(n - r 2 ) + R ab I 2 {Ti - t 2 ) , 

where i? a h = ni a n rb + ni b n ra ~S ab (ni -n r ). Note that the 
third and forth terms in only contribute to the higher 
order correlation functions of the spin current within the 
semiclassical approximation. 

The noise spectrum is determined by the Fourier trans- 
form of the autocorrelation function of the spin current, 



S a b{u) 



5 i 

dte^-([I a (t),I b (0)} + ) (37) 



- p ab (w)coth(J^ , 



where [,]+ denotes the anticommutator. In the above, 
p ab {<-<j) is the spectral function of the current-current cor- 
relation function, which is related to the Fourier trans- 
form of D ab (r) via 



Pab {u) = -21m [D ab (oj + z0+)} 



(38) 



where V ab {iuj n ) = ffar e^ T D ab ( T ) and V ab (co + *0+) 
is obtained from T> ab (iuj n ) through the analytical contin- 
uation iuj rl — > cj + i0 + . From Eq. (JSHJ), we see that to 
get p ab (uj), we need the Fourier transforms of T\{t) and 
I 2 (t) which are, respectively, given by 



8 y «w„ - ei + e 2 

tanh ( — i- ) — tanh f — |- J 
V2T/ V2T/ 

® /^e 2 
2 J iu n - ei + e 2 



tanh | 4r; ) 
V2T/ 



- tanh ( -^r ) 
\2T ) 



(39) 



where Ji(iu n ) = J^dr e luJ " T li(r) with Z = 1,2. At low 
temperature, i.e. T <C ep, the densities of states can be 
approximated as the ones at the Fermi surface, and we 
obtain Im {Ji(oj + i0 + )} = —iruiai with I = 1,2. Insert- 
ing this into Eq. I|37|) gives 



S a b(u) = (S ab ai 



R ab a 2 )TTLu coth {J^*j 



(40) 



We see that the noise spectrum of the spin Joscphson 
current takes the Johnson-Nyquist form at low tempera- 
ture. This result is not surprising because the Johnson- 
Nyquist form is a direct consequence of a linear circuit, 
and in our calculations the semiclassical configuration 
dominates the path (functional) integral. If there is some 
tunable structure in the junction or the quantum fluctu- 
ations arc strong, then a deviation from the Johnson- 
Nyquist form should be expected. 



IV. RENORMALIZATION GROUP ANALYSIS 

The underlying assumption behind the semiclassical 
approximation is that At in Eq. I|19fl is n °t relevant 
under the RG flow, and thus we can treat it as a per- 
turbation in the weak tunneling limit. This has to be 
verified by a rcnormalization group (RG) analysis. 

At zero temperature, Xi(r) with i = 1, • • • , 4 are of the 
form 



T 



(41) 



Therefore, At is a non-local action in the time space. To 
proceed, we define the following operators 
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Qi(T) = 


f 


1 


tr [M\T + t/2)M(T-t/2)] , 


(42) 


Q 2 (T) = 


f 

r 


1 

1 


tr [{n r ■ <t)M\T + r/2)(nj • er)M{T - r/2)] , 


(43) 


Qs(T) = 


h 


1 


tr[M\T + T/2){m-a)M{T-T/2)] , 


(44) 


Q 4 (T) = 


/* 


1 


tr[(n r -<r)M\T + T/2)M(T -r/2)] , 


(45) 



and then. At can be written as 

At = - IdT [ ai Qi (T) + a 2 Q 2 (T) + a 3 Q 3 (T) + a 4 Q 4 (T)] . (46) 



The relevancy of At is determined by the scaling dimen- 
sions of these operators at the fixed point described by 
the action 

A) = J dr \Mini ■ tr ah\d T hi + (I ->• r)} . (47) 

The scaling dimensions of the operators Qi's can be ex- 
tracted from the long-time behaviors of their two-point 
correlation functions {Qi(Ti)Qi(T 2 )) . At the fixed point, 
they are given by 



(Qi(T 1 )Q i (T 2 )} 



1 



(2i - T 2 ) 



2+4d A 



4, (48) 



where is the scaling dimension of A^. As a result, 
the scaling dimensions of the operators Q^s are identi- 
cal and are given by dg = 1 + 2c£m- By the definition 
of A4, we have dM = di + d r where d^ r \ is the scaling 
dimension of hu r \. From Eq. (|47|l . we get di = = d r . 
Therefore, cZq = 1, and we conclude that all terms in At 
are marginal perturbations with respect to Aq. 

The other way to study the effects of At is to compute 
its correction to the free energy^ It is given by 



o = n + f2i + n 2 h — , 

where f2o is the unperturbed free energy, and 

^2 = -^Mt^t) • 



(49) 

(50) 
(51) 



In Eq. (J3SJ, • • • contains the higher order correlation 
functions of At- At low temperature, we have 



-oL a * a i 



'■j=i 



dr((2i(r)Ci(0)) 



(52) 
(53) 



In the above, the expectation values are evaluated at the 
fixed point. Because g?m = 0, one may find that 



(Qi) 



as the correlation time £ r — ► oo. Since the singular part 
of the unperturbed free energy behaves like ^^T 1 , we get 
f2i/J7o = 0(1). This implies that At is a marginal per- 
turbation at the tree level. The next-order corrections to 
the RG flow arise from f^- Because 



(q 1 (t)qm) 



L i 



(54) 



where dj is a numerical constant, we also obtain il 2 ~ 
and thus f^/^o = 0(1), In other words, we verify 
that, to the second order in ctj, At is a marginal pertur- 
bation. Thus, in the weak tunneling limit, the use of the 
scmiclassical approximation to compute the spin current 
and its correlation functions is justified. Moreover, in 
contrast to the SC junctions, the quasiparticlc tunneling 
does not destroy the quantum coherence between the two 
ferromagnets, at least in the weak tunneling limit. 



V. CONCLUSIONS AND DISCUSSIONS 

In this paper, we have studied the Josephson-like tun- 
neling currents between two FM leads within the frame- 
work of Stoner ferromagnetism. In comparison with the 
previous work, our analysis maintains the full spin SU(2) 
symmetry in all intermediate steps. More importantly, 
we clarify the origin of the AC spin Joscphson effect 
by utilizing an SU(2) gauge transformation to probe the 
nonabclian phase in calculating the AC tunneling spin 
current. This approach also reveals most clearly the 
Josephson current as a consequence of spontaneous sym- 
metry breaking. 

To obtain the AC spin Josephson current [Eq. Q34[)]. 
a major simplification we made is that the orbital effects 
of electrons in the external magnetic fields are neglected. 
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One way to bypass the possible complications due to the 
coupling between the orbital motion and magnetic fields 
is to use the FM thin films with an in-plane magnetic 
field. In that case, the orbital motion in the direction 
perpendicular to the films will be quenched and its omis- 
sion is justified. 

The explicit form of the AC spin current we obtained 
[Eq. (|34[) ] should also have important experimental im- 
plications: It has been suggested that the spin current 
without charge currents will induce an electric dipole 
field piOjiiji^ Therefore, the measurement of the induced 
electric field can be used as a detection of the spin Joseph- 
son current. In the same way, the AC spin Josephson cur- 
rent we predicted will induce a time-dependent electric 
field with a period 2tt / '(g^isB) where B is the magnitude 
of the external magnetic field. As a consequence, the de- 
tection of a time- dependent electric field with the above 
period in an applied time-independent uniform magnetic 
field may provide a convincing evidence of the AC spin 
Josephson effect. 

The importance and advantage of the effective action 
approach also reveal themselves in clarifying the role of 
the quasi-particle tunneling played in the dissipation. In 
the case of the SC junctions, in addition to the bulk sec- 
tor, the effective action consists of another two terms — 
a non-local term due to the quasiparticle tunneling and 
a local one arising from the Cooper-pair tunneling^ The 
latter is the origin of the Josephson effect. In that case, 



the RG analysis indicates that a strong coupling fixed 
point exists, where the Cooper-pair tunneling term be- 
comes irrelevant^ This result has been interpreted as 
the suppression of the Josephson current or the destruc- 
tion of the quantum coherence between two superconduc- 
tors by the quasi-particle tunneling. As we emphasized 
in Sec. [HJ the most important distinction between the 
SC and FM junctions lies in the lack of a pair conden- 
sate for the ferromagnets. Consequently, the effective 
action for the FM junction is scale invariant up to the 
second-order perturbative RG analysis, where no possi- 
ble IR instability was found in the perturbation theory. 
This implies that the spin Josephson effects we obtained 
are robust against the quasi-particle tunneling, at least 
for the weak tunneling junctions. 
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